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Abstract

In this paper the boundedness of multidimensional Hausdorff operator in weighted Lebesgue
spaces is proved. In particular, necessary and sufficient condition for the boundedness of
multidimensional Hausdorff operator are established in weighted Lebesgue spaces.
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1 Introduction

The investigation of Hausdorff operator can be traced back to 1917 by Hurwith and Silverman in [7]
with summability of number series. Therefore Hausdorff operator have become an essential part of
modern harmonic analysis. In particular, the study of Hausdorff operator has attracted resurgent
attentions in recent years. We refer to [2], [4]-[6], [8]-[11] and [12] for some recent work in this vein.

Let Rn n-dimensional Euclidean space of points x = (x1, x2, . . . , xn) and let A := (aij) be
an n × n matrix whose entries aij : Rn → R are Lebesgue measurable functions, i, j = 1, . . . , n..
Suppose f : Rn → R is a Lebesgue measurable function. For a fixed kernel function ϕ ∈ Lloc1 (Rn) ,
the n-dimensional Hausdorff operator is defined in the integral form by

Hϕ(f)(x) =

∫
Rn
ϕ(y) f (xA(y)) dy.

For the generalized version, we refer to survey papers [3] and [11].
Let A := (aij) is a non-singular matrix, so it is invertible. The corresponding multidimensional

adjoint Hausdorff operator is defined as follows (see [8])

H?ϕ(f)(x) =

∫
Rn
ϕ(y)|detA−1(y)| f

(
xA−1(y)

)
dy.

This integral operator is deeply rooted in the study of one-dimensional Fourier analysis. Par-
ticularly, it is closely related to the summability of the classical Fourier series (see [11]). Many
important operators of harmonic analysis are special cases of the Hausdorff operator, by taking
suitable choice of ϕ. For example, the Hardy operator, the adjoint Hardy operator, the Cesàro
operator, the Hardy-Littlewood-Pólya operator, the Riemann-Liouville fractional derivatives and
others can be derived from the Hausdorff operator. The Hausdorff operator has received extensive
study in recent years, particularly its boundedness on the Lebesgue space Lp and the Hardy space
Hp (see [8]-[11]). Recently, in [1] the boundedness of one-dimensional Hausdorff operator in differ-
ent Lebesgue type function spaces was proved. Also, in [5] two-weighted inequalities for Hausdorff
operators in Herz-type Hardy spaces was proved.
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In this paper the boundedness of multidimensional Hausdorff operator in weighted Lebesgue
spaces is proved. In particular, some criterion on function ϕ is given for the boundedness of
multidimensional Hausdorff operator in weighted Lebesgue spaces for power type weight function.

2 Preliminaries

Let x = (x1, . . . , xn) and let Rn++ = {x ∈ Rn : xi > 0, i = 1, . . . , n} . Assume that R1
++ = R+. Let ω

is a weight function, i.e. ω(x) > 0 almost everywhere and ω ∈ Lloc1 (Rn). Suppose A be a Lebesgue
measurable set of Rn. By χA we denote the characteristic function of a set A. By Lp,ω (Rn) we
denote the set of Lebesgue measurable functions f that satisfy

‖f‖Lp,ω(Rn) =

∫
Rn

|f(x)|p ω(x) dx

 1
p

<∞.

3 Main results

Now we reduce the following Theorems.

Theorem 3.1. Let 1 < p <∞, v and w be weight functions defined on Rn and let
∣∣detA−1(y)

∣∣ 6= 0
for almost every y ∈ Rn. Suppose

Bsup =

∫
Rn

|ϕ(y)|
∣∣detA−1(y)

∣∣ 1p ( sup
x∈Rn

w(x)

v (xA(y))

) 1
p

dy <∞.

Then for any f ∈ Lp,v (Rn) the inequality

‖Hϕf‖Lp,w(Rn) ≤ Bsup‖f‖Lp,v(Rn).

holds.

Proof. Applying Minkowski inequality and after change of variables (xA(y) = z), we have

‖Hϕf‖Lp,w(Rn) =

∫
Rn

w(x)

∣∣∣∣∣∣
∫
Rn

ϕ(y)f (xA(y)) dy

∣∣∣∣∣∣
p

dx


1
p

=

∫
Rn

∣∣∣∣∣∣
∫
Rn

ϕ(y)f (xA(y))w
1
p (x)dy

∣∣∣∣∣∣
p

dx


1
p

≤
∫
Rn

∫
Rn

|ϕ(y)|p |f (xA(y))|p w(x)dx

 1
p

dy

=

∫
Rn

|ϕ(y)|

∫
Rn

|f (xA(y))|p w(x)dx

 1
p

dy
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=

∫
Rn

|ϕ(y)|
∣∣detA−1(y)

∣∣ 1p ∫
Rn

|f(x)|p w(xA−1(y)) dx

 1
p

dy

=

∫
Rn

|ϕ(y)|
∣∣detA−1(y)

∣∣ 1p ∫
Rn

|f(x)|p v(x)
w
(
xA−1(y)

)
v(x)

dx

 1
p

dy

≤

∫
Rn

|ϕ(y)|
∣∣detA−1(y)

∣∣ 1p ( sup
x∈Rn

w
(
xA−1(y)

)
v(x)

) 1
p

dy

∫
Rn

|f(x)|p v(x) dx

 1
p

=

∫
Rn

|ϕ(y)|
∣∣detA−1(y)

∣∣ 1p ( sup
x∈Rn

w(x)

v (xA(y))

) 1
p

dy

∫
Rn

|f(x)|p v(x) dx

 1
p

= Bsup ‖f‖Lp,v(Rn).

Thus,
‖Hϕf‖Lp,w(Rn) ≤ Bsup ‖f‖Lp,v(Rn).

Theorem 3.1 is proved.
In order to investigate the necessity of condition 1), we take the matrixA asA(y)=diag(y1,. . .,yn).

Then the following Theorem holds.

Theorem 3.2. Let 1 < p <∞, v and w be weight functions defined on Rn, ϕ : Rn → R+, and let
ϕ ∈ Lloc1 (Rn) . Suppose

Binf =

∫
Rn

ϕ(y)

n∏
i=1

|yi|−
1
p inf
x∈Rn

(
w(x)

v (xA(y))

) 1
p

dy > 0.

If Hϕ : Lp,w (Rn)→ Lp,v (Rn) is bounded, then

‖Hϕ‖Lp,w(Rn)→Lp,v(Rn) ≥ Binf .

Proof. It is obvious that if A(y) = diag(y1, . . . , yn), then

Hϕ(f)(x) =

∫
Rn
ϕ(y) f (x1y1, . . . , xnyn) dy.

We denote Ai := {xi : xi ∈ R, |xi| ≥ 1} , i = 1, . . . , n. Let us fix 0 < ε < 1 and define the function

fε(x) =

n∏
i=1

|xi|−
1
p−ε χAi(x) v(x)−

1
p .

Then, by straightforward calculations we get

‖fε‖Lp,v(Rn) =

(
2

εp

)n
p

.
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On the other hand, we have

Hϕfε(x) =

n∏
i=1

|xi|−
1
p−ε

∫
C

ϕ(y)

n∏
i=1

|yi|−
1
p−ε v (xA(y))

− 1
p dy,

where C =
{
y : y = (y1, . . . , yn) , |yi| ≥ 1

|xi| , i = 1, . . . , n
}
. Thus,

‖Hϕfε‖Lp,w(Rn)

=

(∫
Rn

n∏
i=1

|xi|−1−pε

(∫
C

ϕ(y)

n∏
i=1

|yi|−
1
p−ε

(
w(x)

v (xA(y))

) 1
p

dy

)p
dx

) 1
p

≥

(
n∏
i=1

∫
Ai

|xi|−1−pε

(∫
C

ϕ(y)

n∏
i=1

|yi|−
1
p−ε

(
w(x)

v (xA(y))

) 1
p

dy

)p
dx

) 1
p

≥

(
n∏
i=1

∫
Ai,ε

|xi|−1−pε

(∫
Cε

ϕ(y)

n∏
i=1

|yi|−
1
p−ε

(
w(x)

v (xA(y))

) 1
p

dy

)p
dx

) 1
p

≥ B(ε)

(
n∏
i=1

∫
Ai,ε

|xi|−1−pε
dx

) 1
p

= B(ε)

(
2

εp

)n
p

εnε = ‖fε‖Lp,v(Rn)B(ε) εnε, (1)

where Ai,ε :=
{
xi : xi ∈ R, |xi| ≥ 1

ε

}
, Cε := {y : y = (y1, . . . , yn) , |yi| ≥ ε} , i = 1, . . . , n and

B(ε) =

∫
Cε

ϕ(y)

n∏
i=1

|yi|−
1
p−ε inf

x∈Rn

(
w(x)

v (xA(y))

) 1
p

dy.

Next, by (1), we get
‖Hϕ‖Lp,w(Rn)→Lp,v(Rn) ≥ εnεB(ε).

Finally, by virtue of the Fatou lemma we pass to the limit ε→ 0 and we get

‖Hϕ‖Lp,w(Rn)→Lp,v(Rn) ≥
∫
Rn

ϕ(y)

n∏
i=1

|yi|−
1
p inf
x∈Rn

(
w(x)

v (xA(y))

) 1
p

dy,

and this ends the proof of the Theorem 3.2.
It is obvious that if A(y) = diag(y1, . . . , yn), then∣∣detA−1(y)

∣∣ =
1

n∏
i=1

|yi|
.

In the case of a diagonal matrix A(y) = diag(y1, . . . , yn) following important corollaries are
hold.
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Corollary 3.3. Let 1 < p <∞ and v, w be weight functions defined on Rn such that

sup
x∈Rn

w(x)

v (xA(y))
≤ C inf

x∈Rn
w(x)

v (xA(y))

for some constant C ≥ 1 independent of y ∈ Rn. Then Hϕ : Lp,w (Rn) → Lp,v (Rn) is bounded if
and only if Bsup <∞. Furthermore,

1

C
Bsup ≤ ‖Hϕ‖Lp,w(Rn)→Lp,v(Rn) ≤ Bsup.

Corollary 3.4. Let 1 < p <∞ and v(x) = w(x) =
n∏
i=1

|xi|αi and let αi > −1, i = 1, . . . , n. Then

‖Hϕ‖Lp,w(Rn)→Lp,v(Rn) =

∫
Rn

ϕ(y)

n∏
i=1

|yi|−
αi+1

p dy.

Corollary 3.5. Let 1 < p < ∞, and let f : Rn++ → R be a Lebesgue measurable function and

ϕ(y) = χ[0,1]n(y). Suppose v(x) = w(x) =
n∏
i=1

xαii and −1 < αi < p− 1, i = 1, . . . , n. Then

Hϕf(x) = Cf(x) =

1∫
0

· · ·
1∫

0

f (x1y1, . . . , xnyn) dy1 · · · dyn

=
1

x1 · · ·xn

x1∫
0

· · ·
xn∫
0

f (t1, . . . , tn) dt1 · · · dtn

and

‖C‖Lp,w(Rn)→Lp,v(Rn) =
pn

n∏
i=1

(p− 1− αi)
.

Corollary 3.6. Let 1 < p < ∞, and let f : Rn++ → R be a Lebesgue measurable function and

ϕ(y) =
χ[0,1]n(y)

y1 · · · yn
, and A (y1, . . . , yn) = diag

(
1
y1
, . . . , 1

yn

)
. Suppose v(x) = w(x) =

n∏
i=1

xαii and

αi > −1, i = 1, . . . , n. Then

Hϕf(x) = C?f(x) =

1∫
0

· · ·
1∫

0

1

y1 · · · yn
f

(
x1

y1
, . . . ,

xn
yn

)
dy1 · · · dyn

=

∞∫
x1

· · ·
∞∫
xn

f (t1, . . . , tn)

t1 · · · tn
dt1 · · · dtn

and

‖C?‖Lp,w(Rn)→Lp,v(Rn) =
pn

n∏
i=1

(αi + 1)
.
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Remark 3.7. Note that for one-dimensional Hausdorff operator Theorem 3.1 and Theorem 3.2 was
proved in [1]. Also, the boundedness of multidimensional Hausdorff operator in different function
spaces was proved in [3]-[7], [9]-[12] and others.

The same results hold for multidimensional adjoint Hausdorff operator.

Theorem 3.8. Let 1 < p <∞, v and w be weight functions defined on Rn and let |detA(y)| 6= 0
for almost every y ∈ Rn. Suppose

B?sup =

∫
Rn

|ϕ(y)| |detA(y)|
1
p−1

(
sup
x∈Rn

w (xA(y))

v(x)

) 1
p

dy <∞.

Then for any f ∈ Lp,v (Rn) the inequality∥∥H?ϕf∥∥Lp,w(Rn)
≤ B?sup‖f‖Lp,v(Rn).

holds.

Let A is a diagonal matrix, i.e. A(y) = diag(y1, . . . , yn). Then the following Theorem is holds.

Theorem 3.9. Let 1 < p <∞, v and w be weight functions defined on Rn, ϕ : Rn → R+, and let
ϕ ∈ Lloc1 (Rn) . Suppose

B?inf =

∫
Rn

ϕ(y)

n∏
i=1

|yi|
1
p−1

inf
x∈Rn

(
w(xA(y))

v(x)

) 1
p

dy > 0.

If H?ϕ : Lp,w (Rn)→ Lp,v (Rn) is bounded, then

‖H?ϕ‖Lp,w(Rn)→Lp,v(Rn) ≥ B?inf .
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[1] R. A. Bandaliyev and P. Górka, Hausdorff operator in Lebesgue spaces, Math. Inequal. Appl.,
22(2019), 657-676.

[2] J. Chen, D. Fan and J. Li, Hausdorff operators on function spaces, Chin. Ann. Math. Ser. B,
33(2013), 537-556.

[3] J. Chen, D. Fan, C. Wang, Hausdorff operators on Euclidean spaces, Appl. Math. J. Chinese
Univ. Ser. B, 28(2013), 548-564.

[4] J. Chen and X. Wu, Best constant for Hausdorff operators on n-dimensional product spaces,
Sci. China Math., 57(2014), 569-578.

[5] N. M. Chuong, D.V. Duong and K.H. Dung, Two-weighted inequalities for Hausdorff operators
in Herz-type Hardy spaces, Math. Notes, 106(2019), 20-37.



On boundedness of multidimensional Hausdorff operator in weighted Lebesgue spaces 45

[6] D. Fan and F. Zhao, Multilinear fractional Hausdorff operators, Acta Math. Sin., Engl. Ser.,
30(2014), 1407-1421.

[7] W. A. Hurwitz and L. L. Silverman, The consistency and equivalence of certain definitions of
summabilities, Trans. Amer. Math. Soc., 18(1917), 1-20.

[8] A. Lerner and E. Liflyand, Multidimensional Hausdorff operators on the real Hardy spaces, J.
Austral. Math.Soc., 83(2007), 79-86.

[9] E. Liflyand and A. Miyachi, Boundedness of the Hausdorff operators in Hp spaces, 0 < p < 1.
Studia Math.,194(2009), 279-292.
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