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Abstract

In this paper the boundedness of multidimensional Hausdorff operator in weighted Lebesgue
spaces is proved. In particular, necessary and sufficient condition for the boundedness of
multidimensional Hausdorff operator are established in weighted Lebesgue spaces.
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1 Introduction

The investigation of Hausdorff operator can be traced back to 1917 by Hurwith and Silverman in [7]
with summability of number series. Therefore Hausdorff operator have become an essential part of
modern harmonic analysis. In particular, the study of Hausdorff operator has attracted resurgent
attentions in recent years. We refer to [2], [4]-[6], [8]-[11] and [12] for some recent work in this vein.

Let R™ n-dimensional Euclidean space of points ¢ = (z1,2,...,2) and let A := (a;;) be
an n X n matrix whose entries a;; : R" — R are Lebesgue measurable functions, 4,7 = 1,...,n..
Suppose f : R™ — R is a Lebesgue measurable function. For a fixed kernel function ¢ € L{°¢ (R"),
the n-dimensional Hausdorff operator is defined in the integral form by

Holf) (@) = / o) f (@A) dy.

For the generalized version, we refer to survey papers [3] and [11].

Let A := (a;j) is a non-singular matrix, so it is invertible. The corresponding multidimensional
adjoint Hausdorff operator is defined as follows (see [8])

HoD)@) = [ ewldeta™ W) f (247 w) do.

This integral operator is deeply rooted in the study of one-dimensional Fourier analysis. Par-
ticularly, it is closely related to the summability of the classical Fourier series (see [11]). Many
important operators of harmonic analysis are special cases of the Hausdorff operator, by taking
suitable choice of ¢. For example, the Hardy operator, the adjoint Hardy operator, the Cesaro
operator, the Hardy-Littlewood-Pdélya operator, the Riemann-Liouville fractional derivatives and
others can be derived from the Hausdorff operator. The Hausdorff operator has received extensive
study in recent years, particularly its boundedness on the Lebesgue space L, and the Hardy space
H, (see [8]-[11]). Recently, in [1] the boundedness of one-dimensional Hausdorff operator in differ-
ent Lebesgue type function spaces was proved. Also, in [5] two-weighted inequalities for Hausdorff
operators in Herz-type Hardy spaces was proved.
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In this paper the boundedness of multidimensional Hausdorff operator in weighted Lebesgue
spaces is proved. In particular, some criterion on function ¢ is given for the boundedness of
multidimensional Hausdorff operator in weighted Lebesgue spaces for power type weight function.

2 Preliminaries

Let = (z1,...,2,) and let R, ={oz € R" :2; > 0,5 =1,...,n}. Assume that R} | =R, Let w
is a weight function, i.e. w(z) > 0 almost everywhere and w € L!°¢ (R™). Suppose A be a Lebesgue
measurable set of R™. By x4 we denote the characteristic function of a set A. By L, (R") we
denote the set of Lebesgue measurable functions f that satisfy

P

1fllz, @) = /\f(m)lpw(m) de | < oo.

3 Main results

Now we reduce the following Theorems.

Theorem 3.1. Let 1 < p < 0o, v and w be weight functions defined on R™ and let |det .A_l(y)| #0
for almost every y € R™. Suppose

w(z) )édy < o0.

Bgup :R[ ()] |det A (y)‘g (xsélﬂgb m

Then for any f € L,, (R™) the inequality

1HofllLy @) < Bsupll fllz,.,@n)-
holds.
Proof. Applying Minkowski inequality and after change of variables (xA(y) = z), we have
AN

Mo f e, oy = / w(z) / o)f (@ AW)) dy| dz

< / / )P | (AW w(z)dz | dy

Rn

o=

- / o(v)| / I @AW w(z)de | dy
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g =

/\90 it (o e ) o
/\w pana sl [iror i), L
[ |w<y>\det,4—1(y>‘;<f£ (xﬁz)( ) /|f - :
[ ot et A~ ) (g ) /‘f . :

= Bswp | fllz,..&")-
Thus,
HofllL,..&n) < Bsup Iz, . @)

Theorem 3.1 is proved.
In order to investigate the necessity of condition 1), we take the matrix A as A(y) =diag(y1,. . -,yn)-
Then the following Theorem holds.

Theorem 3.2. Let 1 < p < 0o, v and w be weight functions defined on R", ¢ : R™ — R, and let
¢ € L (R™). Suppose

Bing = / H lys|~ v ;cieann (%) ’ dy > 0.

R7l
IfHy : Lpw (R") = Ly, (R™) is bounded, then
IHollz, @)=L, @) > Bint-

Proof. It is obvious that if A(y) = diag(y1, ..., yn), then

Holf) (@) = / o) f (@151, -, Tnga) dy.

n

We denote A; :={z; :x; ER, |x;| > 1},i=1,...,n. Let us fix 0 < £ < 1 and define the function

#) = [Tl 7" @) vf@)

Then, by straightforward calculations we get

n

2\ 7
||fs||L,,,v(1Rn): <Ep> :
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On the other hand, we have

n n

Hotolw) =TIt 7 [ o) [l 0 wAw) ™

i=1 ¢ i=1

WhereC’:{y:y:(yl,...,yn),\yﬂzﬁ, z':l,...,n}.Thus,

(i
1)

Hofellz, .mn
/ o) [ 1
(y)

Lo+ (i)
/ =1

¢ f[k’h‘lée (m);dy>pdx>p
> ([[ [, (/C so(y)f[wfi—s (%)dy)d)
> B(e) <ﬁl /A 2 dx>”

= B(e) <2> " one _ 1 fell, , rmy B(e) €™, (1)

€p

Q
N~
=
<y
8]
N~
Sl

Y
Q

i=1 @

where A; . == {xi:xieR, |aci|2%},Cszz{y:y:(yl,...,yn), lys| > €}, i=1,...,n and

B = [ ¢ 1_1 [y g <&€1()y>)) "y,

C.
Next, by (1), we get
[HellLy @) —L,,.@n) =€ B(E).

Finally, by virtue of the Fatou lemma we pass to the limit € — 0 and we get

- 1, w(z) v
" > i f [——-— dy,
ol oot 2 [ i it (5 )

]R n

and this ends the proof of the Theorem 3.2.
It is obvious that if A(y) = diag(y1, ..., Yn), then

1
IT lil
i=1

|det Afl(y)| =

In the case of a diagonal matrix A(y) = diag(yi,...,yn) following important corollaries are
hold.
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Corollary 3.3. Let 1 < p < oo and v, w be weight functions defined on R™ such that

w(z) w(z)
M @AW = o T @A)

for some constant C' > 1 independent of y € R™. Then H,, : Ly (R") = L, (R™) is bounded if
and only if Bg,p < co. Furthermore,

1
o Bsw < 1 Hollz, @)= 10 kn) < Bsup-

Corollary 3.4. Let 1 < p < oo and v(z) = w(x) = [] |2;|** and let a; > —1,i=1,...,n. Then

[famE

i=1

P ) | (e
R"

Corollary 3.5. Let 1 < p < oo, and let f : RY, — R be a Lebesgue measurable function and

a; +1

©(y) = Xjo,1» (v)- Suppose v(z) = w(x) = Ha:o”and—1<al<p 1,%=1,...,n. Then

i=

1 1
Hof(x) / /f(myh--.,xnyn)dm~-dyn
0 0
17
:i/ /ftl,... Yty - dt,
T Tn
0

and .
P

ICN Ly &)=Ly () = :
(p—1-a;)

—

i=1

Corollary 3.6. Let 1 < p < oo, and let f : R}, — R be a Lebesgue measurable function and

o(y) = W, and A (y1,...,yn) = diag (y—ll,,yi) Suppose v(z) = w(z) = [[ =7 and
ey i=1
>—1,i=1,...,n. Then

1 1
H«pf(x)=C*f($)Z/"'/Wf(Z,-n,z:)dyl---dyn
0 0

and
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Remark 3.7. Note that for one-dimensional Hausdorff operator Theorem 3.1 and Theorem 3.2 was
proved in [1]. Also, the boundedness of multidimensional Hausdorff operator in different function
spaces was proved in [3]-[7], [9]-[12] and others.

The same results hold for multidimensional adjoint Hausdorff operator.

Theorem 3.8. Let 1 < p < 0o, v and w be weight functions defined on R™ and let |det A(y)| # 0
for almost every y € R™. Suppose

By = [ ot laee A1 (sup “EA) gy < o
R‘VL

Then for any f € L,, (R™) the inequality

HH;fHLp)w(]Rn) < B:up”fHLp,v(R")'
holds.

Let A is a diagonal matrix, i.e. A(y) = diag(y1,...,yn). Then the following Theorem is holds.

Theorem 3.9. Let 1 < p < 0o, v and w be weight functions defined on R", ¢ : R™ — R, and let
¢ € Ll (R™). Suppose

1

it = /so(y) f[ il Jmf (W) "y > 0.

R

I HE : Lpw (R") — Ly, (R?) is bounded, then

IHo L, o @)Ly @®) = B
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